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The problem of the torsion of a conical shaft, when the shaft is twisted 

by moments acting on its transverse faces, was first treated by Foppl 

[l]. The torsion of a shaft in the form of a cone has also been treated 

in the publications of Lokshin i21 and Panarin [31. The torsion of a 

sphere, when it is twisted by concentrated torques, was treated in the 

papers of Snell [4] and Huber 151. Some related problems on the torsion 

of shafts of variable section were treated in the works of Solianik- 

Krassa 161 and Abramian 171. 

Das [61 has treated the torsion of a body of revolution, the axial 

section of which is bounded by two spherical surfaces and a conical sur- 

face, with a conical surface separating the two parts of the body which 

consist of different materials. The cone is twisted by shear stresses 

applied to the conical surface and the spherical surfaces are fixed. The 

solution of this problem was obtained with the aid of conical functions. 

Another paper by Das [91 treats the torsion of a composite sphere and 

that of spheroids by loading distributed over the surface according to 

some definite law. The torsion of a semispherical shell of two layers, 

subjected to an arbitrary axisymmetric loading, was treated in [lo]. 

The present paper deals with the problem of the torsion of a semi- 

spherical shell, when part of its transverse face is fixed and it is 

twisted by an arbitrary axisymmetric loading. The solution of the prob- 

lem is obtained with the aid of conical functions. The determination of 

the constants of integration has been reduced to the solution of an in- 

finite system of linear equatidns. It is proved that this system is 

completely regular and has free terms bounded from above. 

1. ‘Ihe problenl of the torsion of a body of revolution will be solved 

with the aid of the displacement function ~(r, z), which, in the region 
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of the cross-section of the body of revolution, satisfies the differ- 

ential equation 

;> + +;:: $5: = 0 (1.1) 

and on the boundary of the transverse section either its normal deriva- 

tive or the function itself is prescribed. 

The stresses T 
'9' TV 

and the displacement v are expressed in terms 

of the displacement function ~(r, z) by means of the formulas 

where G is the shear modulus of the material. 

Passing to the new coordinate system 

where a > 0 is a positive constant, Equation (1.1) takes the form 

$+(I- E") 3 + 3 a$-4E ;; = 0 (1.4) 

The formulas for the stresses and displacements assume the form 

Solving Equation (1.4) by the method of separation of variables, we 

obtain for the function v(t, <) the following particular solutions: 

where 

WI (8 = ; [CP* (E) + wn (E)l 
(1.7) 

Tj; (I) = e-3"2[Csin pkt + Dcospktj 

Here Pa(j) and !!a(<) are Legendre functions [IL], !‘_ 1,2 +pki (<) axi 
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Q- 1/2 +jQi (<) are conical functions [ll], [l?], A, E, C and D are 

arbitrary constauts, and n is a positive natural number. 

2. We will consider the problem of the torsion 

of a spherical shell with radii b and c (b < c), 

when torsional shear stresses act on the spherical 

surfaces and on the annular part of the plane 

z = 0 (r > a, t < rl < c) (see figure), and on the 

remaining part of the plane z = 0 (r < a) the 

displacement v is prescribed. 

For such a problem the boundary conditions 

will have the form 

Ye observe that the functions 

1, e-3t, -&-lrl(1,5)--t (1.9) 

are also particular solutions of the differential 

equation (1.4,). 

Q, (t, 0) = f3 (0 (0 g t < 4 

?J (h 0) = fs@) (-fl gt<oj 

where 

t, = In $ , ta = In ; 

@<Edi! 

(2.2) 

The function ~(t, 5) assumes the form 

* (t, E) z= 
$l(t. 5)in the region l(t< 0) 

q2 (t, 5) in the region 2(t > 0) 
(2.3) 

From (1.4) and (2.3) it follows that the functions v'l and v2 satisfy 

Equation (1.4). From (2.1) and (2.3) we obtain the following boundary 
conditions for the functions y1 and v2: 

(2.4) 
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Moreover, conditions of contiguity must be satisfied on the line of 

contact between the regions 1 and 2: 

(25) 

The solutions for the functions yyl and yz will be taken in the form 

(2.7) 

f2.8) 

(2.9) 

(2.10) 

(3.4) 

where a is a constant, form a closed orthogonal system in the interval 

[O, t,l with respect to functions which satisfy the Dirichlet conditions. 

For this it.is necessary to prove that, from tile conditions 
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tn 

\ 
f (t) xk (t) dt =- 0 (k=O, 1,2,. . .) (3.2) 

0 

where f(t) are arbitrary functions in the class L'[O, t,], it follows 

that f(t) E 0 or, what amounts to exactly the same thing, that from the 

conditions 

t2 

s f(t) Xk (t) dt = 0 (k =I, 2,3, . .) 

0 

(3.3) 

it follows that the function f(t) either corresponds with the function 

x0(t) = eat or is identically zero. 

!'Je substitute the value of xk(t) from (3.1) into (313) and transform 

the resulting integral 

1 f (t) Xk (t) dt = LX ‘3 f(t) Sin -)-k tdt + rk f f(t)COS rktdt = 
0 0 0 

= [af(t) -f’(t)] sinyl,tdt 
s 
0 

Then the conditions (3.3) assume the form 

tz 

s [af (t) - f’ (t)] sin rk t dt = 0 (k=l,‘,3,...) 

0 

(3.4) 

-Since the system of functions {sin yktI (k = 1, 3, 3, . ..) is complete 
in L'[O, t,], it follows from (3.4) that the function f(t) must satisfy 

the following differential equation 

af (t) - f’ (t) = 0 

which has the unique non-vanishing solution 

f(t) = (Yea” (3.5) 

i.e. the function f(t) which satisfies the conditions (3.3) is either 

identically zero or it coincides with the function y,,,(t) = eat, with an 

accuracy up to a numerical multiplicative factor. 

From the values of the integral 
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f2 
(3-(~~2+a2) whenk=p#O 

s Xk V) XP (4 fa = 

I 

1( 2a 
e2afz _ 1) whenk=p-0 (3.6) 

0 

0 when k+p 

it follows that the functions xk(t) form an orthogonal system. 

‘l’hs the system of functions {xk) is corn lete in L*[O, t,]. thence it 

follows that an arbitrary function f(t)E L 
Y 
[O, t,] can be expanded in 

a Fourier series of the functions (3.1). Moreover, at a point of continu- 

ity of the function f(t), we will have 

f(t) = %& (t) + 5 al, xk tt) 
k=l 

(3.7) 

where, by virtue of (3.6), the coefficients of the expansion are deter- 

mined by the formulas 

?hus the systems of functions (1, Tk("(t)) and (1, TkC2'(t)} are 

closed and orthogonal with the weight factor e 3t in the intervals 

[ - tl, 01 and [O, t,] respectively, i.e. for these functions we have 

e3f rk(U (t) TpO) (t) dt >: 
9 (3.9) 

--t, fir pk2 + I k=p+O 

t2 k#p 

s 
e3’ Tkt2) (t) Tpt2) (t) dt = 

h 
{ 

0 &a( rk2+ $) k-p#O 

(3.10) 

0 1 

\ 
L-1, 

e3’ l’k(l) (t) dt =: i egf Th(2) (t) dt = 0 (3.11) 

6 

l%e functions {I, 'Pzk+ ,(c)) are closed and orthogonal with the weight 

factor (1 - c2) in the interval LO, 11, i.e. they satisfy the equalities 

lo 
f (1 - E’) (pzk+l (0 (P2~+1 (8 do = 4 

(k + P) 

(‘P + 1) (2P 4- 2) 
(Xl?) 

0 
[op_z ___ 

4p + 3 
(k = 14 



Torsion of a hollov seaisphere 709 

1 

c (1 - ta) %k+l (8 dE = 0 
b 

4. For the purpose of satisfying the boundary 

(2.5), we will represent the arbitrary functions 

series 

II (E) == G 61- E2 Iao i- 5 ak (PM+1 (E)l 
k=l 

j2 (t,) = G VI - k” [b, -t- 5 hi %k+l (81 

(3.13) 

conditions (2.4) and 

fi in the form of 

k=I 

j3 (t) = G [Co + 2 ck Tk(') (t>l 
k=l 

f4 (t) = as’ Id, + 5 dk Tk(‘) @)I 

k=l 

(0 < t d k7) 

(4.2) 

(-hdt<o) 

where, in accordance with the relations (3.8) to (3.13), the coefficients 

of the expansions are determined by the following formulas: 

f* I, 

C” = c @3tf_ i) (; ff3f f3 (4 & \ 

2 

” = Gk? (Tk2 -!- '/4) o s 

,at /:, (t) 2'&2) (t) dt 

d, = a ” e-31,J 5 e2’ /4 (t) dt, 

0 
(4.4) 

dk I--- 
2 

atl (pk2 -t "i4) s 

e2' j4 (t) Tk(” (t) dt 

-1, --1, 

In satisfying the boundary conditions and the conditions for contact 

we obtain a series of relations for the determination of the unknown 

coefficients. Solving these equations for the unknowns, we obtain the 

following expressions (m is a constant number to be determined later on) 
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In the derivation of these expressions, use lias been made of the 

values 

where 

(4.7) 

The unknown coefficients .Y, and Y, occurring in the Expressions (4.5) 

and (4.6) are determined by two infinite systems of linear equations 

where 
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(4.10) 

6,k -x7 - -- i; (p2 + e/4) ~ 
(4k + 3) &.+I (0) 

~ 
7' PLVd+ ‘i P 

(01 a + 1) (2k + 2) Ok2 + I+,,‘) 

N, = - 
8,2-@I4 D(l) _ 0’2) 

-- “P,, (wh P,, tl + ~0th 6, ta) 4pa + 6p 
+ 

!_ __ @I’ -1 1) c&J .I- 2) 
41’ (2P -+ 3) (Pz,,_ ] (0) ( op e ---St,/2 

bP e3tr’2 _ _._L__ + _~~ 

sap, t1 
P )I 

I, 

N, = - 
2pp* L,‘,.+pp 4 (0) 

t1 (P,,2 + V4) PL,,*+, 
P O 

i ( ) 
(- l)P+l e-W2 

es11 (C,, - %,,) -- co + 2 (- 1)j’ noe-LBtl~2 d, tl 

2 (p*,2 --t-9/a) - ~-- 
_ I$+; 
21*P ( )I (4.12) 

5. We will prove that the system (4.9) is completely regular. Yaking 

use of the Expressions (4.10), we will have 

; 1 aPk 1 = 

Pp*--9/a 

I;-1 
ntpp (cotb p, t1 -t_ coth cp tz) 

(‘@ + 3, (P;k+l (O) 

P + 1) (2k + ‘4 (ha + P,a) 
(5.2) 

For the sunrnation of the series in the right-hand side of Expression 

ies of (5.2), use can be made of 

Legendre functions. 

Let the functions f(l) 

representable in the form 

the expansions of functions in ser 

and ~(2) belons to the class L2[0 

of the series 

, 11 and be 

03 03 _ 
f (8 = 2 akPsk+ (E), ‘$ (8 = 2 bkP2k+l (8 

k-o k=o 

where the functions P2k + ,(c) are orthogonal in the interval 
satisfy the equalities 

5.3) 

(0, 1) and 
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0 

Since the series (5.3 ) 
together and integrating 

(0, 1) leads to 

are absolutely convergent, multiplying them 

the resulting expressions over the interval 

whereby use has been made of the equalities (5.4). The equality (5.5) 

can be called the Parseval equation for the expansions (5.3). tksuming 

now that 

we will have 

Ilere use has been made of the integrals 

(5.7) 

Substituting the values (5.7) into (5.5), we obtain 

In the determination of this equality, use has been hilade of the in- 

tegral 

From the equation 
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P”- ‘;r+ppi (0) z (pp2 + ‘/pj ~‘-_Yz+~hpi (0) 

Substituting (5.12) into (5.9) we obtain 

(5.12) 

As a consequence of the relation (5.13) it is possible to assert that 

the expansion of the function PI l/2 + p,i(c’ 
in terms of the functions 

h,k.+ l(t)) will have the form 
Y 

P’-‘/*fPpi (5) 3 
ml 

~‘r-‘,z+,pi (01 
E_ ----- 

2 fPLpZ -i- s;4) 11 

Vk -I- 3) v2h.+l (0) P)~/+_~ (5) 

I& , 
(Zk + 3) f2k -1. 2) [,u,” + (2k + s,z)zJ 

which remains valid at the boundary point I_ = 0. 

As a result of (5.13), the equality 15.2) assumes the form 

(5.14, 

(5.15) 

Since the right-hand side of (5.13) is positive, we have the bounds 

(5.16) 

f!y taking (5.16) into consideration, it follows from (5.15) that 

If the constant ~1 is c!,osen from the equality 

tfmr, for the sums of tt,C mo~ilili of t!ie Coefficients of tfle llIi!ilifWltS of 
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the systems (4.9), we will have the following estimates: 

It is easy to see that the free terms (4.ll) and (4.12) of the systems 

(4.9) are bounded above and that they vanish as O(l/il) as ia -+ 03. 

Ihus the systems (4.9) have turned out to be completely regular and 

to have free terms which are bounded above and tend to zero. This fact 

offers the possibility of determining all the unknowns X, and Y, to a 

desired degree of accuracy [141. !4oreover, it is easy to demonstrate that 

the unknown coefficients Xk and YK tend to zero as Ofk-' In k). 

6. Substituting the values of the unknown constants found from Ci.5) 

into (2.6) and (2.7) for the functions y1 and vZ, we finally find the 

following expressions: 

YI@, E) = A(') + PI?-+ ln(l+j) -t 
I 

+ 

(6.1) 

Y, (t, E) =I A’“’ + B(2)e--31 -j- D@) [@& - In (1 -(. F;) -- I] - 

fn Equations (6.1) and (6.2) the notation 

has been introduced. 

The series w!Ach appear in the Formulas (6.1) and (6.1) are con- 

vergent. From the estimates for the unknown coefficients X, and Y,, it 

follows that the first derivatives of these series will he everywilere 
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convergent except at the point (t = 0, c = O), i.e. the shear stress at 

all points of the axial cross-section of the semisphere will be finite 

except at the point (0, 0) where there will be a stress concentration 

when the face is rigidly clamped. 

Thus, by making use of the Formulas (1.5), (6.1) and (6.21, it is 

possible to determine the stresses TV?, -r ~ and the displacement v at an 

lZ arbitrary point of the axial section of t e semisphere. 
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