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The problem of the torsion of a conical shaft, when the shaft is twisted
by moments acting on its transverse faces, was first treated by Foppl
[1]. The torsion of a shaft in the form of a cone has also been treated
in the publications of Lokshin [2] and Panarin [3]. The torsion of a
sphere, when it is twisted by concentrated torques, was treated in the
papers of Snell [4] and Huber [5]. Some related problems on the torsion
of shafts of variable section were treated in the works of Solianik-
Krassa (6] and Abramian [7].

Das [8] has treated the torsion of a body of revolution, the axial
section of which is bounded by two spherical surfaces and a conical sur-
face, with a conical surface separating the two parts of the body which
consist of different materials. The cone is twisted by shear stresses
applied to the conical surface and the spherical surfaces are fixed. The
solution of this problem was obtained with the aid of conical functions.

Another paper by Das [9] treats the torsion of a composite sphere and
that of spheroids by loading distributed over the surface according to
some definite law. The torsion of a semispherical shell of two layers,
subjected to an arbitrary axisymmetric loading, was treated in [10].

The present paper deals with the problem of the torsion of a semi-
spherical shell, when part of its transverse face is fixed and it is
twisted by an arbitrary axisymmetric loading. The solution of the prob-
lem is obtained with the aid of conical functions. The determination of
the constants of integration has been reduced to the solution of an in-
finite system of linear equations. It is proved that this system is
completely regular and has free terms bounded from above,

L. The problem of the torsion of a body of revolution will be solved
with the aid of the displacement function ¢(r, z), which, in the rezion
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of the cross-section of the body of revolution, satisfies the differ-
ential equation

oy 3oy | oy .
dﬂ‘4‘773“'+‘5;‘——0 (1.1

and on the boundary of the transverse section either its normal deriva-
tive or the function itself is prescribed.

The stresses v _, 7 , and the displacement v are expressed in terms
of the displacement function y(r, z) by means of the formulas

=
N
=

co-rP(r, z)

d
Trp == Gr 5:.11 ’ Tyz =

where G is the shear modulus of the material.

Passing to the new coordinate system

o= ae‘ ]/ 1 — Ez , = a‘eig’ é P— Vr-l—;ﬁz , f == ln L‘Z—j‘:;_z (1 3\

where a > 0 is a positive constant, Equation (1.1) takes the form
0
-y agz 3% 4 a_gi: 0 (1.4)
The formulas for the stresses and displacements assume the form
]r—————'a
d§7 T‘O:G 1’_—&2"61})
b= ad VI E 91, ) (1.5)

v =—G (1—8)5¢

Solving Equation (1.4) by the method of separation of variables, we
obtain for the function w(t¢, &) the following particular solutions:

(8 = et [ Aan @ ED e 4 Beon® D () g (8)
(1.6

(6 E) = 35 [ AP et (8) + BOoypugs (B)] T()

:m[a'

where

9n (&) = 7 [CPa(®) + DQa (B))
(1.7)

Ty () = e~ 32 [Csin puyt + Dcospg ¢l

Here P () and *) () are Legendre functions (11, 1/2*'uk1( )} and
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Q—-1/2‘+uki (£) are conical functions [11], [12], A, R, C and D are
arbitrary constants, and n is a positive natural number.

Ve observe that the functions
r
1
"//l 1, €~3t, T}—g——ln (1i E)—-t ('1-9)

are also particular solutions of the differential
equation (1.4).

9

-e

We will consider the problem of the torsion
of a spherical shell with radii b and ¢ (b < ¢),
when torsional shear stresses act on the spherical
surfaces and on the annular part of the plane
z=0(r>a, b<ac<c) (see figure), and on the
remaining part of the plane z = 0 (r < a) the
displacement v is prescribed.
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For such a problem the boundary conditions
will have the form

Tio (— t1, &) = f1(§)

O<ESY)
Tio (22, §) = 72(8)

2.4
e (£, 0) = f5 (1)

Ot t)
v(t,0) = ful®) (—t <t <0)
where
ty=1In%, ty=1In — (2.2)
o<EL
The function y(t, €) assumes the form
Y1 (£, E)in the region 1{z < 0)
¥t E) = { ' (2.3)
Yo (t, E)in the region 2(t > 0)

From (1.4) and (2.3) it follows that the functions y, and y, satisfy

Equation (1.4). From (2.1) and (2.3) we obtain the following boundary
conditions for the functions y, and y,:

= Py v Yy
Gyr—aat|__ =), —e| =10
o, |
GYT=BRE|_ = hE), acp (£.0) = fo (1) (2.4)
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Moreover, conditions of contiguity must be satisfied on the line of
contact between the regions 1 and 2:

M Py
P (0,8) = 92 (0, E) %’ = 7;%

{t==0

(2.5)

{=:0

The solutions for the functions ¢, and y, will be taken in the form

W (68) = A0 L B oo [l (8 o]
,:. Z e -3t/2 {Ak(‘)sinhﬁkt + Bk“)COSth tl (P2k+1(§) - 21“ Dk(np'—'/z-f-pki (g) Tk(l)(t)
ke k=1
{(— <Lt <C0, OCECY) (26)

2 (t.8) = A® 4 BO e~ 4 D@ [ —In (1 -] —t] 4

1+E

+ 2 e [ Ay@einsy £ 4 ByPeosni 1] Qur () 3} De® Pttt (8) T (£)

k=i k=1
O<t<t 0<ESY) 2.7)

where

TRV (t) = e—3t2 (2 Sinpxt - pgcos pgt)

(2.8)
Ty (1) = =32 (L sin v t 4- 14 008 Txt)
d .
Pois (8) == gz Pory1 (8) (2.9)
Ak-i- 3 kn kn
Bk:———mi— s Rr = »E—l:-, Th:_{; (k:::1,2,3,.v.)
. , — 2.40
P = To % y == V"— 1 ( )
3. We will prove that the functions [13]
at when k == 0 .
% (1) = { “ ‘ (3.1)
asiny,l 4 1,08y, { whenk = 1,2,3, ...

where o is a constant, form a closed orthogonal system in the interval
[0, t2] with respect to functions which satisfy the Dirichlet conditions.
For this it is necessary to prove that, from the conditions
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t:

& J (@) e @) dt — 0 (k=0,1,2,...) (3.2)

0

where f(t) are arbitrary functions in the class L2[0, t,], it follows
that f(t) = 0 or, what amounts to exactly the same thing, that from the
conditions

tz

g @) (t)dt =0 (k=1,2,3,...) (3.3)

0

it follows that the function f(t) either corresponds with the function
Xo(t) = e%" or is identically zero.

Ve substitute the value of x,(t) from (3.1) into (3:3) and transform
the resulting integral

iy 12

. 12
\ 7@w@ de=a { @ sinmitdt + i { 7 (8)cos vutde =

=\ /@O —7 O sinpizdr

0
Then the conditions (3.3) assume the form

2
g[a/a)——f(n]gnyktdu:() h=1,2,3,..) (3.4)

o

TSince the system of functions {sin ykt} (=1, 2, 3, ...) is complete
in L2[0, tz], it follows from (3.4) that the function f(t) must satisfy
the following differential equation

af (&) — ' (1) = 0
which has the unique non-vanishing solution
f(t) = Cex? (3.9)

1.e. the function f(t) which satisfies the conditions (3.3) is either
identically zero or it coincides with the function x,(t) = e**
accuracy up to a numerical multiplicative factor.

, with an

From the values of the integral
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{%(Th2—)—a2) whenk =p=+0

g (€2 —1) whenk =p = (3.6)

t,

RACEIGEES
‘ 0 whenk 5= p

it follows that the functions x,(t) form an orthogonal system.

Thus the system of functions {x }is comglete in L2[0, t2]' Hence it
follows that an arbitrary function f(t) e L4 tz] can be expanded in
a Fourier series of the functions (3.1). “loreover, at a point of continu-
ity of the function f(t), we will have

f(t) = agxo (2) + Z ax Yk () (3.7)

k=)
where, by virtue of (3.6), the coefficients of the expansion are deter-

mined by the formulas

t t

a ~ m_—g JOROd, e e\ T Od (3

Thus the systems of functions {1, T, (1 (¢)} and {1, T, (2)(¢)} are
closed and orthogonal with the weight factor e3t in the 1ntervals
[-¢,, 0] and [0, tz] respectively, i.e. for these functions we have

0 0 ksp
S Ty () T, (8) dt = 1, 9 (3.9)
s —z—tl(uk2+z) k=p#0
s 0 k=p
S STy () T, (1) dt = ' (3.10)
0 7 ('Ykz”i‘ ) k=p=0
q &
| e 1 ) di = ﬂ S T@ (t)dt = 0 (3.11)
=t 0
The functlons {1, Pop+ (&) )} are closed and orthogonal with the weight
factor (1 - ) in the 1interval [0 1], i.e. they satisfy the equalities
(k #p)

<1~-§)w E) e la)dg—% (3.12)
+1 2P+ l(ﬂp:; 2p-+1)@2p+2) (& = p)

4p -+ 3
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S (1 —8%) Pora (B)dE =0 (3.13)

4. For the purpose of satisfying the boundary conditions (2.4) and

(2.5), we will represent the arbitrary functions f, in the form of
series

f1(B) =GV 1—E[a, + D) ak Paicya (E)]
k=1

= O<ESH  (41)
) =GVT—E (b + ) bn @ar,a (§)]

k=1
fs @) =Gleg+ D) e Tx® ()] 0<t<ty)
= (4.2)
fa(t) = ae' ldy + D) de Tu (2)] (—n<t<0)
k=1

where, in accordance with the relations (3.8) to (3.13), the coefficients
of the expansions are determined by the following formulas:

= g\ VITB @& o= oo\ VIZ 8/ @ g ()

1

(4.3)
bo= g\ VI—Eh®, b~ o
0

1 — 8% /2 (8) @o,a (B) dE

D= °

Go,
5 ¢ ¢
0
\ (4.4,
d. — "3_____86,2!/ (t) dt dr -- S (t) Tk (t) dt
o ;(T—e_"”x) 4 ! ko an (P«kz 1, V) (&) Tt (@)
—1, -

In satisfying the boundary conditions and the conditions for contact
we obtain a series of relations for the determination of the unknown
coefficients. Solving these equations for the unknowns, we obtain the
following expressions (m is a constant number to be determined later on)

1,0 1 ( mYk (4k + 3) Poi.1 ") (B ‘
Ag =z S

[T

9 3a,, g2
h 3l ) —
Be—% | QEF D2 o i) 2anh By 4 J
1 mY, (4k - 3) @up ,(0) /3 B a, ¢ 3hi2=
- B . 3 _ By
By Bkzwﬂ/j (2% + 1) 2k + 2) (2 Bicom Bety) -

SInhB, 141 ]
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| Yk £3) gy, O b et
(2) — +1 2 %
A = ot oy (B el TJBZT}

1 mYk (4k + 3) Por.1 0,3 . .
(2) -~ . . ¢ B f,) - _
B g [ rn e (1 B Bt T

[

D, — M_, Dy e e (4.0)
Wi Py, tuky(0) P (O
B —‘6(?23731)01))63{2 ’ JAE T ("’v%%g" paii
Dt g et B BIEE e
A® = dy - DO = i‘ij?*lem § ii (2&([1f ;; (Zcﬁg%‘(gﬁlg?v - (b
_ =

et ) Pk )
4 By

1
K

+9

)

B

o] o
DM

A® = A© 4 B B 4 (L2 2) DV - D@y - -
|

In the derivation of these expressions, use lias been made of the

values
Pippp O

U P ey @de e et O
V(B P e (B e .

O 5,7 0
4 3/y)?

Sy

P—l/z‘HLki

J = 8) Py € () — —

where
(2p- H 1-3.5...(2p-4-1 . )
T “”‘*z‘./;te..(.é’,f—) P21 (0) =0 (4.8)

$op,1 (0) = (— 1)P"12P)H

’

The unknown coefficients X, and Y, occurring in the Expressions (4.5)
and (4.6) are determined by two infinite systems of linear equations

Y,[, = Z n/,/.' AXI, .”[,. .‘\v}, E /)p/.' Y';‘- }, IVI, (p = 1, 2, 3,. . ) (4.9)
[

ko1

where
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a _ sz - B 1
Pk msp (cothf)ptl - cotn Bpt2) TR sz

2mpy, 2 P’ oy 1 (0)

’)pk R (”2 4 97y) P

(4.10)
(% +3) Q%1 (0)

‘/2+p ( )()k+1) (2k + 2) (Bk2+u‘pz)

DY __ p@

Bp2_9/4
M = [ 4p* -+ 6p

me (coth Bp t; -+ coth BP t3)

L ZpE1)2p--2) ap e 3h/2 b, 32
4p(2p +3) @y, (0) ("d;ﬂ;;,—l— + 'mg;; (4.11)

, ay (P2k+1 (0)
[(— ']_)p+l e—3t1’2 kz W

N . 2p'p2 P llz‘H*p (0)
" B(py*+07a) P~Jh+upi(0)

etz (eg — 2by) -—co -+ 2 (— 1) age=3h/2

d,ty (1,2 9
— 2ty 4.12
YTRCERIN 2 (e 4)] (312

p

5. We will prove that the system (4.9) is completely regular. Making
use of the Fxpressions (4.10), we will have

o . Bp2-—?/a s
AZ I Apk l = mf,, (coth B, &1 - coth B 25) kZ ‘;Tkz + Bp® -
b =1

(5.1)

oy B coth B, 81 —1/8, 2

i
2m B 2 cothB ty -t L coth B 12 4m
o an B2 Potppugi 0 2 (4k +3) 92y (0)
3 , b o o 222 2
A-‘:——J1 " hop2 + S p’

5.2
“re O 2 CEF D) B B (5-2)

For the summation of the series in the right-hand side of Expression
(5.2), use can be made of the expansions of functions in series of
Legendre functions

Let the functions f(£) and ¢($) belong to the class L2[0, 1] and be
representable in the form of the series

(o]

: Z P11 (8), Y (E) = 2 biPok i (§ 5.3)

where the functions P,, ; (§) are orthogonal in the interval (0, 1) and
satisfy the equalities
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1 ! 1] (/z ;71: P)
\ Pocis (®) P (B dE = | (5.4)
¢ l4/c+:5 - -p

Since the series (5.3) are absolutely convergent, multiplying them
together and integrating the resulting expressions over the interval

(0, 1) leads to

o
a,b

Vo@/@ds - > g (5.5)

0 ko

whereby use has been made of the equalities (5.4). The equality (5.5)
can be called the Parseval equation for the expansions (5.3). Assuming
now that

Py, (®)
JE) =y () (5.6)

—l/2+P~pi ) Y

we will have

(4k-+»3)¢2k+](0) (A~ 3)¢2k+lun -
U = T (% e EE R N D) (0-7)

llere use has been made of the integrals

1 L
(gz - 1) P,g}; 1 (g) o (ngrr‘»] (0)

SPW‘“ (8)dg = @k 12k T2y 1 @k kY

0 0

‘ Pty (0) @y W) e
VPt (8 Py () -~ RS (5.8)

1}
Substituting the values (5.7) into (5.5), we obtain

o0 3

2 (4/L + '5) (p22k+| (0) - 1 "’/24'}*1” (“)

- 04
@ 1) @k 4 2) [+ (2K 4 )% WAL o Y )

k- -t

In the determination of this equality, use has been made of the in-

tegral
1 (E‘:,,-l) P'»_._';M;(E) i

S P*‘/z ‘r'}lpi (g) dg e e a W i - 'ip;}’_g?’j‘*““ (.). ‘())

0

From the equation
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(1 B Pl (B) — 2BP i (B) — (p® -+ o) Povpy (B) =0 (5.41)

when £ = 0 we have

P tug (0)= (p® -+ /aj 'ty (0) (5.12)

Substituting {5.12) into (5.9) we obtain

8 (4k + 3) @2y, (O P, O
Z { + )q)g,g.*_l() f‘H‘); 3 (5.13)

@D+,  F @ FRT 7 PO 2

As a consequence of the relation (5.13) it is possible to assert that
the expansion of the function P’ /2 4u ;(8) in terms of the functions
p

{sz,+1(§ )} will have the form
. o (4 -+ 3) @gpy 1 (0) @ppeqy (B)

Votppt (B) )
L 2+ 2 CEED @ T D) (2 Gk F o (014

which remains valid at the boundary point & =

As a result of (5.13), the equality (5.2) assumes the form

gﬁ Bt [ ‘ 3 P! g (0)]
Pp,? -+ 2l

bpkl

I}/8

bt S ' 5.
v 2 P ) (5.15)

1}
-

Since the right-hand side of (5.13) is positive, we have the bounds

. P Q)
. 3 ~YeAp = an
— ] FalL
[ AT St T {3.16)

By taking (5.16) into consideration, it follows from (5.15) that

2 . g
\‘ [ lpe! - \-%? 'GRYE

k:l
If the constant m is closen from the equality

15 . yim L ]-’/—3

“n H 4 %

then, for the sums of thc moduli of the coefficients of the untmowns of
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the systems (4.9), we will have the following estimates:

o o e Ve
:)-‘i Iapkl < —Z~ ’ 2 |[}7tlu‘{ <T (5'18)
= kel

It is easy to see that the free terms (4.11) and (4.12) of the systems
(4.9) are bounded above and that they vanish as 0(1/p) as p - o,

Thus the systems (4.9) have turned out to be completely regular and
to have free terms which are bounded above and tend to zero. This fact
offers the poss1b111ty of determining all the unknowns X, and Y, to a
desired degree of accuracy [14]. Moreover, it is easy to demonstrdte that
the unknown coefficients X, and Y, tend to zero as 0(k7! In k).

6. Substituting the values of the unknown constants found from (4.5)
into (2.6) and (2.7) for the functions y, and y,, we finally find the
following expressions:

— AW . g3t @ 1
¥i(t )= AV 4+ B 4 DOl — () — o]+

® B (B) (Y (AR3) @y (O)
41 k (AA19) oy ) RY 302 ()
T2 Byt — %a [(%+4n%+g) (1) — awe ™" TR U”
k==l

i X+ Yo P’—-‘/z—!-liki t3

+- k}:]l TR R T (1) (6.1)
¥, (t, &) = AP 4 B® e JfDm[“rt 1UU%§V“4”‘
- 3 SR O R R 0]+
2 i P,,“ *Y’:% T (1) (6.2)
In Equations (6.1) and (6.2) the notation
1?ﬁ“(t)::-%—32?2%3‘L-Bk3;;%§; (s - 1.2 (6.3)

has been introduced.

The series which appear in the Formulas (6.1) and (6.2) are con-
vergent. From the estimates for the unknown coefficients X, and Y,, it
follows that the first derivatives of these series will be everywiere
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convergent except at the point (¢t = 0, § = 0), i.e. the shear stress at
all points of the axial cross-section of the semisphere will be finite
except at the point (0, 0) where there will be a stress concentration
when the face is rigidly clamped.

Thus, by making use of the Formulas (1.5), (6.1) and (6.2), it is
possible to determine the stresses Tipr Tep and the displacement v at an
arbitrary point of the axial section of the semisphere.
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